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Abstract
Andreev bound states (ABSs) are studied in quantum dot coupled to conven-
tional BCS superconducting leads on the basis of effective slave boson Hamilto-
nian in an infinite-U (Coulomb interaction) limit followed by Green’s function
technique. From the relevant Green’s function, density of states (DOS) is ana-
lyzed at different superconducting phase differences. On the basis of numerical
computation, it is pointed out from DOS plot that ABSs (sub-gap states) arise
due to the phase difference between left and right superconducting leads. Due
to the dependence on superconducting phase difference, ABSs are current car-
rying states. We have also analyzed the energy of ABSs as a function of phase
difference between left and right superconducting lead for electron hole sym-
metric as well as non symmetric cases at various dot-lead coupling strengths.
It is also pointed out that a finite internal gap arises between upper and lower
Andreev bound states in the absence of electron-hole or left-right symmetry.
These results are viewed in the light of existing theoretical analysis.
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1. Introduction
Josephson transport across quantum dot junction has been widely used in
nanoelectronic devices such as in superconducting quantum interference devices
(SQUIDS) [1], Cooper pair splitters [2] and superconducting quantum bits [3]
which are the basis for superconducting quantum computers. Josephson junc-
tion is obtained by sandwiching thin insulating layer between two superconduct-
ing leads and Josephson supercurrent flows across the junction due to the phase
difference between Cooper pairs present on the left and right superconducting
lead [4]. Insulating layer can be replaced by some nanoscopic structures such as
quantum dots (QDs) [5]. QD itself, is not a superconducting but Cooper pairs
tunneling can take place through it because coherence length of Cooper pairs
is significantly larger as compared to the size of the QD. Due to the proximity
effect [6], induced pairing takes place on the dot around the Fermi level. In
this way, a reduced gap is arised in the dot. Consequently, subgap states are
observed in S-QD-S system which actually arises due to the superconducting
phase difference between two leads [7, 8]. These states are called Andreev
bound states and are responsible for supercurrent flowing through the junc-
tion. Andreev bound states are consequences of the phenomena called multiple
Andreev reflection [9].
For odd number of electrons occupation , QD acts as a magnetic impurity,
and spin of quantum dot gets coupled to spin of one electron of the Cooper
pair from the leads with a characteristic binding energy kBTk, where TK is
the Kondo temperature. Kondo temperature for normal metallic lead varies as
Tk ∼ e−1/ρJ , where J is the exchange interaction between spin of QD and spin
of one of the electron of metallic lead [10]. It leads to the formation of Kondo
singlet in N-QD-N junction and it can be visualized as a peak in density of states.
Although for superconducting leads, there is an attaractive interaction between
two electrons to form a bound Cooper pair. Therefore, interplay arises between
multiple Andreev reflection and Kondo effect in S-QD-S junction [11, 12, 13].
It is observed experimentally that for Tk > ∆, where ∆ is binding energy of
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Cooper pair, there is always likelihood of formation of ABSs in the dot. It give
rise to sharp increase in DOS within superconducting gap at +ωs and −ωs,
where ωs corresponds to energy of Andreev bound states. Therefore, the ratio
∆/Tk is an important parameter for the transmission of Cooper pair from left
to right lead [14]. For even number of electrons occupation on dot, positive
supercurrent while for odd number of electrons occupation negative supercurrent
flows through the junction. It indicates that the supercurrent reverses the sign
by adding an electron on the QD [15].
Figure 1: Schematic of S-QD-S junction, showing coupling of QD with conventional super-
conducting leads with respect to Fermi level (shown as red dashed line)
As of now, several experimental attempts have been made to fabricate and
characterize nanowire devices in which nanostructure is coupled to supercon-
ducting leads [16, 17, 18, 19]. These experiments indicate the existence of
subgap states in S-QD-S system at various parameter regime.Further it is ana-
lyzed that these subgap states are effected by superconducting phase difference
and dot-lead coupling strength. Outcomes of these experiments are analyzed
by various analytical and computational techniques, which are based on dif-
ferent approximations. To mention few of these theoretical techniques include
renormalization group approach [20, 21, 22], quantum monte carlo simulation
[23, 24], non-crossing approximation [25, 26, 27], perturbation theory [28] and
also non-equlibrium Green’s function [29, 30]. Although infinite-U slave boson
mean field (SBMF) method to understand the influence of infinite Coulomb in-
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teraction on the QD state connected to BCS superconducting leads is addressed
by few of the researchers [31, 32], but as of now , role of strong onsite inter-
action on the formation of subgap states and on nature of Josephson transport
as well is not clearly understood from theoretical point of view. Also extension
of S-QD-S junction to multiple coupled QDs is yet to be analyzed. Therefore,
in present attempt we have planned to address the issue related to strong on
site Coulomb interaction (infinite-U) on the ABSs and their phase dependence,
where we have used Bogolibouv transformation followed by infinite-U slave Bo-
son mean field approach to understand the nature of S-QD-S junction at infinite
Coulomb interaction. In the preceding section, we have presented the theoretical
model for S-QD-S system.
2. Theoretical formulation
As depicted in Fig. 1 the model Hamiltonian for S-QD-S junction where QD
has single level is modelled by single impurity Anderson Hamiltonian (SIAM).
BCS term is introduced to take care of superconducting leads.
H = Hleads +HQD +Hdot−lead (1)
where contribution of leads is given by
Hleads =
∑
αkσ
αkσc
†
αkσcαkσ −
∑
αkσ
(∆kαc
†
αkσc
†
α−k−σ + h.c.) (2)
where kασ denotes the energy of an electron with spin σ (σ =↑, ↓ denotes spin
of spin up and spin down electrons respectively) in the kth energy state of lead
α (α = L,R corresponds to left and right lead). ∆kα = |∆kα| eiφkα is complex
superconducting order parameter in which φkα is phase correponding to lead
α. For BCS, S-wave superconductor, superconducting order parameter does not
have k dependency. Quantum Dot contribution is given as follows.
HQD =
∑
σ
dd
†
σdσ (3)
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d is the energy level of the quantum dot. Coupling between dot level and
superconducting lead is of the form
Hdot−lead =
∑
αkσ
(hkαc
†
αkσdσ + h
∗
kαd
†
σcαkσ) (4)
where hkα is coupling strength between dot and lead. To diagonalize the Hamil-
tonian Bogoliubov transformation is used, defined as follows
ckα↑ = u∗kαβkα↑ + vkαβ
†
−kα↓ (5)
c−kα↓ = u∗kαβ−kα↓ − vkαβ†kα↑ (6)
c†kα↑ = ukαβ†kα↑ + v
∗
kαβ−kα↓ (7)
c†−kα↓ = ukαβ†−kα↓ − v∗kαβkα↑ (8)
where
|ukα|2 = 1
2
(
1 +
kα√
kα2 + |∆kα|2
)
|vkα|2 = 1
2
(
1− kα√
kα2 + |∆kα|2
)
u∗kαvkα =
∆kα
2Ekα
v∗kαukα =
∆∗kα
2Ekα
(9)
After Bogoliubov transformation, Hamiltonian takes the form as follows.
HBog =
∑
αk
Eαk(β
†
αk↑βαk↑ + β
†
α−k↓βα−k↓) +
∑
σ
dd
†
σdσ
+
∑
αk
[hkα(ukαβ
†
kα↑ + v
∗
kαβ−kα↓)d↑ + (ukαβ
†
kα↓ − v∗kαβ−kα↑)d↓]
+ h∗kα[d
†
↑(u
∗
kαβkα↑ + vkαβ
†
−kα↓) + d
†
↓(u
∗
kαβkα↓ − vkαβ†−kα↑)] (10)
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where
Ekα =
√
kα2 + |∆kα|2 (11)
Now to study the system at infiite-U employing slave boson mean field approach,
auxiliary fermionic operators fσ and f
†
σ are introduced in terms of auxiliary
boson field operators b and b†.
dσ = b
†fσ (12)
d†σ = f†σb (13)
Due to infinite-U, single electron occupancy will be there on QD. Condition
for single occupancy is given as
b†b+
∑
σ
f†σfσ = 1 (14)
This condition allows to apply the slave-boson technique. Hamiltonian now
takes the form as
H
′
=
∑
αk
Eαk(β
†
αk↑βαk↑ + β
†
α−k↓βα−k↓) +
∑
σ
df
†
σbb
†fσ
+
∑
αk
hkα[(ukβ
†
k↑ + β−k↓)f↑b
† + f†↑(ukβk↑ + vkβ
†
−k↓)b]
+h∗kα[(ukβ
†
k↓−vkβ−k↑)f↓b†+f†↓(ukβk↓−vkβ†−k↑)b]+λ
∑
σ
(f†σfσ+b
†b−1)
(15)
where λ is Lagrange multiplier. In mean field approximation we replace Boson
operators by their expectation values, 〈b†(t)〉 = 〈b(t)〉 = b. Effective Slave Boson
mean field Hamiltonian finally comes out to be as
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HSBMF =
∑
αk
Eαk(β
†
αk↑βαk↑ + β
†
α−k↓βα−k↓) +
∑
σ
˜df
†
σfσ
+
∑
αk
˜hkα[(ukβ
†
k↑ + β−k↓)f↑ + f
†
↑(ukβk↑ + vkβ
†
−k↓)]
+ ˜h∗kα[(ukβ
†
k↓ − vkβ−k↑)f↓ + f†↓(ukβk↓ − vkβ†−k↑)] + λ(b2 − 1) (16)
where ˜d(= d + λ) is renormalized QD level and ˜hKα(= bhkα) is renormal-
ized dot lead coupling strength. Now, employing Green’s function equation of
motion, set of coupled equations is obtained.
(ω − ˜d)〈〈f↑, f†↑〉〉 = 1 +
∑
kα
˜hkα
∗
ukα
∗〈〈βkα↑, f†↑〉〉+
∑
kα
˜hkα
∗
vkα〈〈β†−kα↓, f†↑〉〉
(17)
(ω − Ekα)〈〈βkα↑, f†↑〉〉 = ˜hkαukα〈〈f↑, f†↑〉〉+ ˜hkα
∗
vkα〈〈f†↓ , f†↑〉〉 (18)
(ω + Ekα)〈〈β†−kα↓, f†↑〉〉 = ˜hkαvkα∗〈〈f↑, f†↑〉〉 − ˜hkα
∗
ukα
∗〈〈f†↓ , f†↑〉〉 (19)
(ω+ ˜d)〈〈f†↓ , f†↑〉〉 =
∑
kα
˜hkαvkα
∗〈〈β−kα↑, f†↑〉〉−
∑
kα
˜hkαukα〈〈β†kα↓, f†↑〉〉 (20)
(ω − Ekα)〈〈β−kα↑, f†↑〉〉 = ˜hkαukα〈〈f↑, f†↑〉〉+ ˜hkα
∗
vkα〈〈f†↓ , f†↑〉〉 (21)
(ω + Ekα)〈〈β†kα↓, f†↑〉〉 = ˜hkαvkα∗〈〈f↑, f†↑〉〉 − ˜hkα
∗
ukα
∗〈〈f†↓ , f†↑〉〉 (22)
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Solving above coupled equations from equation (17) to (22) , relevant Grren’s
function 〈〈f↑, f†↑〉〉 is obtained as follows.
〈〈f↑, f†↑〉〉 =
1
ω − ˜d − Γ˜2L − Γ˜2R − (Γ˜3L+Γ˜3R)(Γ˜4L+Γ˜4R)ω+˜d−Γ˜1L−Γ˜1R
(23)
where
Γ˜1α =
∑
k
| ˜hkα|2
[ |vkα|2
ω − Ekα +
|ukα|2
ω + Ekα
]
(24)
Γ˜2α =
∑
k
| ˜hkα|2
[ |ukα|2
ω − Ekα +
|vkα|2
ω + Ekα
]
(25)
Γ˜3α =
∑
k
˜hkα
2
v∗kαukα
[
1
ω − Ekα −
1
ω + Ekα
]
(26)
Γ˜4α =
∑
k
˜h∗kα
2
u∗kαvkα
[
1
ω − Ekα −
1
ω + Ekα
]
(27)
To obtain the parameters b and λ, we followed the minimization of free
energy function, which can be described in terms of density of states [ρ˜f (ω)] as
follows.
F = − 1
β
lnZ = −N
β
∫ ∞
−∞
ln(1 + e−β(ω−µ))ρ˜f (ω)dω (28)
For a wide flat conduction band of width 2D, change in free energy due to
impurity is given as follows [33].
FMF = −N
β
∫ D
−D
f(ω)tan−1(
Λ˜
˜d − ω )dω + λ(b
2 − 1) (29)
where Λ˜ is renormalized hybridization given as follows
Λ˜ = Γ˜2L + Γ˜2R +
(Γ˜3L + Γ˜3R)(Γ˜4L + Γ˜4R)
ω + ˜d − Γ˜1L − Γ˜1R
(30)
For flat conduction band, dot-lead coupling becomes k-independent. It is clear
that for b=1 and λ = 0 , Λ˜ reduces to that of non interacting hybridization.
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Minimization of free energy with respect to parameters b and λ , give rise to
two coupled integral equations described as follows.
∂FMF
∂λ
=
N
pi
∫ D
−D
f(ω)dω
(˜d − ω)2 + Λ˜2
[
Λ˜ +
(Γ˜3L + Γ˜3R)(Γ˜4L + Γ˜4R)(˜d − ω)
(ω + ˜d − Γ1L − Γ˜1R)2
]
+ (b2 − 1) = 0 (31)
∂FMF
∂b
= −N
pi
∫ D
−D
f(ω)dω
(˜d − ω)2 [(Γ2L + Γ2R) +
(Γ3L + Γ3R)(Γ4L + Γ4R)
(ω + ˜d − ˜Γ1L − ˜Γ1R)2
(λ+ Γ11L + Γ1R + 2b(ω + ˜d − ˜Γ1L − ˜Γ1R))] + (b2 − 1) = 0 (32)
In equations (32) and (??), N is level degenracy ( N=2, for single level case)
and f(ω) is distribution function. The Bogoliubonos follow the Fermi-Dirac
distribution function for dispersion Ek, given as follows.
f(ω) = 〈β†k↑βk↑〉 = 〈β†−k↓β−k↓〉 =
1
eβEk + 1
(33)
We have used zero temperature for our calculation. To analyse the DOS
and energy of ABSs, we need to solve equations (32) and (??) numerically for
various parameters of SBMF Hamiltonian.
3. Results and Discussions
On the basis of SIAM, we have used Bogoliubov transformation followed by
infinite-U slave Boson mean field approach to get the relevant Green’s function.
From Green’s function, density of states of quantum dot is calculated as follows.
ρf (ω) = − 1
pi
imag(Gf (ω
+)) (34)
where, Green’s function Gf (ω
+) is given by equation (23).
In Fig. (2a), normalized density of states (DOS) is analyzed for identical
left and right superconducting lead (|∆L| = |∆R| = 1meV ) as a function of
ω/∆ for various values of superconducting phase difference (φ = φL − φR =
9
(a) Normalized density of states in QD (b) close up view of normalized DOS in QD
Figure 2: Normalized DOS (Density of states) as a function of ω/∆ for electron-hole symmetric
(d = 0) as well as left-right symmetric (hL = hR) case at different values of superconducting
phase difference (φ = 0, pi/4, pi/2, 3pi/4, pi).
0, pi/4, pi/2, 3pi/4, pi) in particle-hole symmetric (d = 0) and left-right symmetric
(hL = hR) case. It is observed that in the absence of phase difference between
left and right lead (φ = 0), superconducting gap can be seen in DOS plot with
no subgap states around the Fermi level. As the value of phase difference is
increased to φ = pi/4, two sub gap states (symmetrically above and below the
Fermi level) appear in the gap, which are called Andreev bound states. Sub
gap state below the Fermi level is called lower Andreev bound state and one
above the Fermi level is called upper Andreev bound state. In the other words,
phase difference introduces paired state in the quantum dot with reduced gap.
Further increasing the value of φ (φ = pi/2, 3pi/4) upper and lower ABSs come
closer and closer. For φ = pi these two states merge into each other and only
a single subgap state is obtained. Fig. (2b) shows the close up look of Fig.
(2a). Nature of DOS can be observed clearly in Fig. (2b) at superconducting
gap edge. Here, it can be pointed out that the DOS plot for infinite-U case is
similar to non interacting case except the amplitude of DOS is decreased. It
denotes that transmission of Cooper pair electrons from superconducting lead to
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QD is decreased. Hence, ABSs are not effected by infinite Coulomb interaction
in the dot and still present within the superconducting gap. Dependency of
ABSs on phase difference indicates that the transmission of Cooper pairs can
be controlled by changing superconducting phase difference between left and
right lead. These results are valid in the region TK > ∆, where TK is the
Kondo temperature corresponding to superconducting lead.
Further, the energy of ABSs is calculated from poles of the Green’s function
(23), which is given by the solution of non linear equation.
(ωs − ˜d − Γ˜2L − Γ˜2R)(ωs + ˜d − Γ˜1L − Γ˜1R) = (Γ˜3L + Γ˜3R)(Γ˜4L + Γ˜4R) (35)
(a) electron-hole symmetric case (b) electron-hole non symmetric case
Figure 3: ABS as a function of phase difference at different dot-lead coupling ratios (hL/hR =
1, 1.5, 2, 2.5).
Equation (35) is solved numerically. In Fig (3a), energy of Andreev bound
states is analyzed with variation in superconducting phase difference in electron-
hole symmetric case for various left lead-dot coupling (hL) to right lead-dot
couling (hR) ratios. For hL = hR, i.e. left-right symmetry, junction acts as a
perfectly transmitting channel. Further increasing the ratio hL/hR (1.5,2,2.5) a
finite internal gap arises between upper and lower ABSs at φ = pi. This internal
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gap increases with increase in the ratio hL/hR. Fig (3b) shows the energy
of ABSs with variation in superconducting phase difference in the absence of
electron-hole symmetry for various left lead-dot coupling(hL) to right lead-dot
coupling (hR) ratios. In this case, there is an small internal gap is present, even
at hL = hR. Further increasing the ratio hL/hR (1.5,2,2.5) width of this finite
internal gap is increased. So,it can be pointed out that non-perfect transmitting
channel is formed at the junction in the absence of electron-hole symmetry. Due
to dependency of ABSs on superconducting phase difference, these are current
carrying states. Hence, ABS forms a channel through which Josephson current
flows across the S-QD-S junction even at infinite on dot Coulomb interaction
limit. These results are in accordance with the works pointed out in other
theoretical works, where sub gap states in S-QD-S system is studied [32].
4. Conclusions and outlook
Employing the infinite-U slave Boson mean field approach for Single impurity
Anderson model of superconductor representing S-QD-S junction, sub gap states
(Andreev bound states) are observed within the superconducting gap. These
sub gap states are found to depend on the superconducting phase difference
between two leads as well as left lead-dot coupling to right lead-dot coupling
ratio. Due to dependence on phase difference, these states are current carrying
states. This formalism can be extended to multilevel quantum dot and also to
multi coupled QDs connected to superconducting leads. More, works is required
for these types of system because of their potential application in nano electronic
devices and hence we are attempting the works in this direction.
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